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Abstract
The aim of this paper is to answer the following question: let (X,) and (Y, d) be metric spaces, let A,B ⊂ Y be continuous
images of the space X and let f :X → A be a fixed continuous surjection. When is the inequality
dH (A,B) inf
{
dsup(f, g): g ∈ C(X,Y ), g(X) = B
}
replaced by the equality? The main result (Theorem 4.1) states that if X is a metric space of type (S) (see Definition 2.1) and A and
B are its continuous images, then the equality holds for a completely arbitrarily fixed surjection f .
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The Hausdorff distance between (not necessarily closed) nonempty subsets is a useful tool in the theory of metric
spaces. But in many cases it may be difficult to compute it, especially in comparison with the classical supremum
distance between bounded mappings. Therefore it seems to be useful to express the Hausdorff distance by means of
the supremum distance of continuous surjections.
Another issue related to the Hausdorff distance comes from the theory of Banach algebras. It is well known that if
a sequence of commuting elements of any unital Banach algebra is norm-convergent, then the corresponding sequence
of spectra converges to the spectrum of the limit with respect to the Hausdorff distance induced by the standard metric
on the complex plane C. One may ask if the inverse implication holds: if a sequence (Kn)n of compact subsets of C
converges to a compact subset K with respect to the Hausdorff distance, then does there exist a commutative unital
Banach algebra and a sequence (an)n of its elements which norm-converges to an element a such that σ(an) = Kn for
all n and σ(a) = K? Here σ(x) denotes the spectrum of an element x of a unital Banach algebra. The answer to this
question is given in Corollary 5.3 in its full generality.
The paper is divided to five sections. In Section 1 we establish the notation and quote well-known theorems which
are used in the next sections. We also prove the generalized Sierpin´ski’s theorem for zero-dimensional (with respect
to the covering dimension dim) metrizable spaces (Theorem 1.3). Section 2 deals with, so-called, spaces of type (S).
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It has purely auxiliary meaning and its proof is very technical, so we decided to put it in a single section. Section 4
includes results which solve the problem of approximation of the Hausdorff distance in any metric space. The main
tool of this section is Lemma 3.1. However, when the spaces involved are compact, Theorem 4.3 does not provide a
satisfactory answer. Section 5 deals with this problem.
1. Topological tools and notions
In this paper all spaces under consideration are nonempty and metrizable, with metrics being prescribed. The
weight of a topological space X, i.e. the infimum of cardinalities of open bases for X, is denoted by w(X). If X is
metrizable and infinite, its weight is equal to the infimum of cardinalities of all dense subsets of X. The closure of a
subset A is denoted by clA. The open (closed respectively) ball (with respect to the metric d) centered at a and of
radius r is denoted by Bd(a, r) (B¯d(a, r) respectively).
By a cover of a set Y we mean a collection of subsets of Y , the union of which is equal to Y . A family of subsets
of a topological space is open (respectively open-closed) if each of its element is an open (respectively open-closed)
subset of the space. A family is disjoint if its elements are pairwise disjoint. It is proper if all of its elements are
nonempty. If U is an open cover, by a refinement of U we mean an open cover V such that each element of V is
contained in some element of U .
For topological spaces X and Y , C(X,Y ) stands for the space of all continuous mappings from X to Y . C denotes
the Cantor discontinuum and B(m) stands for the infinite countable Cartesian product of the discrete space of cardi-
nality m ℵ0. It is well known that C and B(ℵ0) are homeomorphic to the infinite countable product of the two-point
space and to R \ Q respectively.
Recall that the Hausdorff distance of two nonempty subsets A and B (not necessarily closed) of a metric space
(Y, d) is defined as
dH (A,B) = max
(
sup
a∈A
distd(a,B), sup
b∈B
distd(b,A)
)
∈ [0,+∞],
where distd(y,C) = infc∈C d(y, c) for y ∈ Y and a nonempty subset C of Y . It is well known that the Hausdorff
distance is a metric in the space of all nonempty closed and bounded subsets of (Y, d). However, in our investigation,
subsets involved are not necessarily closed or bounded.1
If X is a nonempty set and f,g :X → Y are two mappings, the supremum distance between f and g (induced by
the metric d) is
dsup(f, g) = sup
x∈X
d
(
f (x), g(x)
) ∈ [0,+∞].
One can easily prove that
dH
(
f (X),g(X)
)
 dsup(f, g).
Now let (X,) be a metric space and A and B be subsets of Y which are continuous images of the space X. For a
continuous surjection f :X → A, we have
dH (A,B) inf
{
dsup(f, g): g ∈ C(X,Y ), g(X) = B
}
. (1.1)
The question as to when the above inequality is replaced with the equality is an interesting question. In order to obtain
the desired equality, the abundance of continuous mappings of X onto A and of X onto B seems to be necessary. This
is the reason why we focus on strongly zero-dimensional spaces.
Definition 1.1. A nonempty metric space X is said to be
• hereditary disconnected if it has no connected subsets other than the empty set and the singletons,
• zero-dimensional (indX = 0) if it has a basis consisting of open-closed subsets,
1 For example, the Hausdorff distance of two unbounded subsets can be finite.
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subset U ⊂ X such that A ⊂ U ⊂ X \B .2
Every strongly zero-dimensional metric space is zero-dimensional, each zero-dimensional metric space is heredi-
tary disconnected. If a metric space is zero-dimensional and separable, then it is strongly zero-dimensional. Nonempty
subsets of a strongly zero-dimensional metric spaces and their countable Cartesian products are also strongly zero-
dimensional.
The following special case of the Dowker theorem [2] is the fundamental result for our investigations.
Theorem 1.2. Every open cover of a strongly zero-dimensional metric space has a disjoint open-closed refinement.
Important examples of strongly zero-dimensional metric spaces are given in Examples 2.3. For more information
about the dimension theory see [4] or [3].
The following amazing property of strongly zero-dimensional metrizable spaces was first proved by Sierpin´ski [8]
for separable spaces.
Theorem 1.3. Let X be a strongly zero-dimensional space and let A ⊂ X be a nonempty closed subset of X. If B ⊂ A
is nonempty and ∂A ⊂ clB , then there exists a continuous retraction r :X → A onto A such that r(X \A) ⊂ B .
Proof. If ∂A is empty, it suffices to take any b ∈ B and define r :X → A as the identity map on A and the constant map
(with the value b) on X \ A. Now we assume that the boundary of A is nonempty. Let Bn := {x ∈ X: distd(x,A)
1
n+1 } (n  1). Bn is closed, Bn ∩ A = ∅ and dimX = 0, so there exists an open-closed subset Gn ⊂ X such that
Bn ⊂ Gn ⊂ X \ A (n 1). Now if U1 := G1 and Un := Gn \ (G1 ∪ · · · ∪ Gn−1) for n > 1, then the family {Uk}k1
is open-closed and disjoint. Moreover, G1 ∪ · · · ∪ Gn = U1 ∪ · · · ∪ Un for n  1. Since each Un is strongly zero-
dimensional and open-closed, thanks to the Dowker theorem (Theorem 1.2), there exists a disjoint open-closed cover
Un of Un such that
each element of Un has diameter less than 1
n
. (1.2)
Let U := (⋃n1 Un) \ {∅}. U is a disjoint proper open-closed cover of X \ A. Let W be a subset of X \ A such that
W ∩ V contains exactly one point for any V ∈ U . For any V ∈ U there exists unique n = n(V ) 1 such that V ∈ Un.
Denote by x(V ) the unique element of V ∩ W . Since ∂A ⊂ clB (and B is nonempty), there exists b(V ) ∈ B(⊂ A)
such that
d
(
x(V ), b(V )
)
 distd
(
x(V ), ∂A
)+ 1
n(V )
. (1.3)
Finally we define a mapping r :X → A by the formula
r(x) =
{
x if x ∈ A,
b(V ) if x ∈ V ∈ U .
Clearly r is a retraction onto A. Since r on X \ ∂A is locally constant, it is continuous on X \ ∂A. It remains to prove
that if (xn) ⊂ X \A and xn → x ∈ ∂A, then r(xn) → x. For each n there exists exactly one V n ∈ U and mn  1 such
that xn ∈ V n ∈ Umn . Since xn → x ∈ ∂A, limn→∞ mn = +∞. But then
d
(
r(xn), x
)= d(b(V n), x)
 d
(
b
(
V n
)
, x
(
V n
))+ d(x(V n), xn)+ d(xn, x)
 distd
(
x
(
V n
)
, ∂A
)+ 1
mn
+ 1
mn
+ d(xn, x) (by (1.2) and (1.3))
 d
(
x
(
V n
)
, x
)+ 2
mn
+ d(xn, x)
2 This is exactly the condition for the zero-dimensionality with respect to the large inductive dimension Ind. But, by the Kateˇtov–Morita theorem,
dimX = IndX for a metrizable space X. Throughout the present paper we use the notation dim.
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(
x
(
V n
)
, xn
)+ d(xn, x)+ 2
mn
+ d(xn, x)
 3
mn
+ 2d(xn, x) → 0. 
The next result states that the strong zero-dimensionality in Theorem 1.3 cannot be weakened.
Proposition 1.4. If X is a nonempty metric space such that each nonempty closed subset of X is its retract, then X is
strongly zero-dimensional.
Proof. Let A and B be closed disjoint subsets of X. Put C := A ∪ B . We may assume that C is nonempty. Then, by
the assumption, there exists a (continuous) retraction r :X → C. Since A is open-closed in C, the set U := r−1(A) is
open-closed in X. Moreover, A ⊂ U and U ∩B = ∅. 
Theorem 1.3 implies the following
Corollary 1.5. If Y is a nonempty topological space, X is a strongly zero-dimensional metric space, A ⊂ X a closed
subset of X and f :A → Y a continuous mapping, then there exists a continuous mapping F :X → Y such that
F |A = f .
Proof. If A = ∅, we can define F as a constant mapping (Y 
= ∅). If A is nonempty, by Theorem 1.3, there exists a
continuous retraction r :X → A. Then the mapping F := f ◦ r is a continuous mapping we want. 
2. Spaces of type (S)
As we will see in Examples 4.5(1), the condition “dimX = 0” is not sufficient for the problem of approximation
of the Hausdorff distance. Therefore we need to require a little more.
Definition 2.1. A nonempty metric space X is called a space of type (S) if dimX = 0 and for any nonempty open-
closed subset U of X there exists a closed subset A of U such that there exists a continuous surjection from A onto X.
The space X is called a space of type (S) for a class A of metric spaces if X is a space of type (S) and every element
of A is a continuous image of X.
The proposition below will be used to produce spaces of type (S).
Proposition 2.2. If X is a strongly zero-dimensional metric space, then each nonempty subset A of Xℵ0 such that
A = cl(intA) is a space of type (S). In particular, Xℵ0 and all of its nonempty open-closed subsets are spaces of type
(S).
Proof. Since the space X is strongly zero-dimensional, so is the set A. Let V ⊂ A be (nonempty) open-closed in A.
The interior of A is dense in A and therefore U := (intA) ∩ V 
= ∅. U is open in Xℵ0 so there exist finite number
N  1, open (nonempty) subsets G1, . . . ,GN of X such that G1 × · · · × GN ×X ×X × · · · ⊂ U . Let aj ∈ Gj (j =
1, . . . ,N) and C := {(xj )∞j=1 ∈ Xℵ0 : x1 = a1, . . . , xN = aN }. C is closed and C ⊂ V . Moreover, the mapping
p :C  (xj )∞j=1 → (xN+j )∞j=1 ∈ Xℵ0 is a continuous surjection from C onto Xℵ0 . By Theorem 1.3, there exists a
continuous retraction r :Xℵ0 → A. Finally the mapping f := r ◦ p is continuous and f (C) = A. 
Example 2.3. (1) The Cantor discontinuum C is a space of type (S) for the class of all nonempty compact metrizable
spaces. This follows from well known facts that C is homeomorphic to {0,1}ℵ0 and each nonempty compact metric
space is a continuous image of {0,1}ℵ0 .
(2) The space N := R \Q is a space of type (S) for the class of all nonempty Borel subsets of separable complete-
metrizable spaces. This is a consequence of the fact that N is homeomorphic to B(ℵ0) and the theorem: every
nonempty Borel subset of a completely metrizable separable space is a continuous image of the space N .
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with w(X) m. This is a well-known fact and is proved as follows. By [6] (see also [3, p. 288]), such a metrizable
space X is the image of a continuous mapping defined on a subset of B(m). By the completeness of X, the mapping has
a continuous extension f :E → X to a Gδ subset E of B(m). Since E is completely metrizable, it is homeomorphic
to and hence is identified with a closed subset of B(m). By Theorem 1.3, there is a retraction r :B(m) → E. The
composition of f ◦ r :B(m) → X is the required mapping.
(4) The space Q is a space of type (S) for the class of all nonempty countable metric spaces. (Observe that Z is a
continuous image of Q and that any (nonempty) countable space is a continuous image of Z.)
Proposition 2.4. IfA= {As}s∈S (S 
= ∅) is a family of nonempty metrizable spaces such that cardS m and w(As)
m (s ∈ S), where m ℵ0, then there exists a space X of type (S) for the family A such that w(X)m. In particular,
for any countable family of nonempty separable metrizable spaces there exists a separable metric space which is of
type (S) for this family.
Proof. Let A =⊔s∈S As be the topological sum of the topological spaces As . Each As is open-closed in A, so it is a
retract of A. Moreover, A is metrizable and w(A)m. By the theorem of Morita [6], there exists a set C ⊂ B(m) and
a continuous surjection C → A. Then by Proposition 2.2, the space X := Cℵ0 is a space of type (S) for the family A
and w(X)m. 
The following result explains why spaces of type (S) can be useful.
Proposition 2.5. Let X be a space of type (S) which admits a continuous surjection to a metric space Y . For each
subset A of X with nonempty interior and for each nonempty closed set B ⊂ Y , there exists a continuous surjection
from A onto B .
Proof. Let g :X → Y be any continuous mapping such that g(X) = Y . Since intA 
= ∅ and X is strongly zero-
dimensional, there exists a nonempty open-closed set U ⊂ A. From the definition of spaces of type (S) we conclude
that there exists a closed set C ⊂ U and a continuous mapping h :C → X such that h(C) = X. Since C ⊂ A is closed
and nonempty and dimA = 0, there exists—by Theorem 1.3—a continuous retraction r1 :A → C. Finally, if B ⊂ Y
is nonempty and closed, then so is g−1(B) ⊂ X and therefore there exists a continuous retraction r2 :X → g−1(B).
Now the mapping f := g ◦ r2 ◦ h ◦ r1 is a surjection from A onto B . 
3. Technical lemma
Lemma 3.1. Let X be a space of type (S) with cardX > 1. Also let (D,) be a metric space and let A and B be two
nonempty subsets of D which are the continuous images of X. Let ϕ :A → (0,+∞) and ψ :B → (0,+∞) be (not
necessarily continuous) functions. For every continuous surjection f :X → A, there exists a continuous surjection
g :X → B such that, for any x ∈ X, one of the following conditions holds:
(i) there exists a ∈ A such that (f (x), g(x)) dist(a,B)+ ϕ(a),
(ii) there exist a ∈ A and b ∈ B such that (f (x), g(x)) dist(b,A)+ ϕ(a)+ψ(b).
Proof. Let f :X → A be a continuous surjection. Applying Theorem 1.2 to the open cover {f−1(B(a, 13ϕ(a)))}a∈A,
there exists a disjoint proper open-closed cover {Us}s∈S (S 
= ∅) of X and a corresponding set {as}s∈S ⊂ A such that
f (Us) ⊂ B
(
as,
1
3
ϕ(as)
)
(3.1)
for any s ∈ S. Take a continuous surjection h :X → B . For the same reason, there exist a disjoint proper open-closed
cover {Vt }t∈T of X and a set {bt }t∈T ⊂ B such that h(Vt ) ⊂ B(bt , 13ψ(t)) for any t ∈ T . We assume that the index
sets S and T are disjoint. As f and h are surjections, we see
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⋃
s∈S
B
(
as,
1
3
ϕ(as)
)
,
B ⊂
⋃
t∈T
B
(
bt ,
1
3
ψ(bt )
)
. (3.2)
Now fix s ∈ S. By the proof of Proposition 2.5, there exists a continuous surjection κ :Us → X. Let V 0s,t :=
κ−1(Vt ) (t ∈ T ). Since Us is open-closed and the family {Vt }t∈T is disjoint, proper and open-closed, the fam-
ily {V 0s,t }t∈T is disjoint, proper and open-closed as well. Moreover,
⋃
t∈T V 0s,t = Us . Let t0 be any element of T .
Since V 0s,t0 is open-closed, there exists a surjection from V 0s,t0 onto X (again by the proof of Proposition 2.5) and
hence cardV 0s,t0 > 1. This implies that there exist two nonempty disjoint open-closed sets G1 and G2 such that
G1 ∪ G2 = V 0s,t0 . Putting Vs,s := G1, Vs,t0 := G2 and Vs,t := V 0s,t for t ∈ T \ {t0}, we obtain the family {Vs,t }t∈T∪{s}
which is disjoint proper and open-closed and such that:
Us = Vs,s ∪
⋃
t∈T
Vs,t . (3.3)
Further, for any s ∈ S there exists bs ∈ B satisfying

(
as, b
s
)
 dist(as,B)+ 13ϕ(as) (3.4)
and for any t ∈ T there exists at ∈ A such that

(
bt , a
t
)
 dist(bt ,A)+ 13ψ(bt ). (3.5)
Since A ⊂⋃s∈S B(as, 13ϕ(as)), for each t ∈ T one can found u(t) ∈ S such that

(
au(t), a
t
)
 1
3
ϕ(au(t)). (3.6)
This defines a function u :T → S. Let s ∈ S and Ts := {t ∈ T : u(t) = s}. There exists a surjection κs :T ∪ {s} →
Ts ∪ {s} such that κs(s) = s.
Fix an index s ∈ S and take t ∈ T ∪ {s}. We define a continuous surjection on Vs,t as follows.
If κs(t) = s, we take any continuous surjection gs,t from Vs,t onto the nonempty set B¯(bs, 13ϕ(as)) ∩ B . If
κs(t) 
= s, let gs,t be any continuous surjection from Vs,t onto B¯(bκs(t), 13ψ(bκs(t)))∩B . The existence of these maps
is guaranteed by Proposition 2.5. As {Vs,t }t∈T∪{s} is a disjoint open-closed cover of Us , we see that the map gs :=⋃
t∈T∪{s} gs,t :Us → B is continuous. Now {Us}s∈S is a disjoint open-closed cover of X, so g :=
⋃
s∈S gs :X → B is
continuous.
First we show that g is a surjection. Indeed, if b ∈ B , then, by (3.2), there exists t ∈ T such that b ∈ B(bt , 13ψ(bt )).
Let s = u(t). Then by definition, t ∈ Ts . Since κs is a surjection and κs(s) = s 
= t , there exists t0 ∈ T with κs(t0) = t .
As gs,t0 is a surjection of Vs,t0 onto B¯(bκs(t0), 13ψ(bκs(t0))) ∩ B  b, we find an element of Vs,t0 which is mapped
to b. This proves the surjectivity of g. Now we will prove that for each x ∈ X the condition (i) or (ii) of the lemma
holds.
Let x ∈ X. There exists s ∈ S such that x ∈ Us and by (3.3), there is t ∈ T ∪ {s} for which x ∈ Vs,t . There are two
possibilities: κs(t) = s or κs(t) ∈ Ts .
If κs(t) = s, then g(x) = gs,t (x) ∈ B¯(bs, 13ϕ(as)). We will show that in this case the condition (i) is satisfied
for a := as . Indeed, (f (x), a)  13ϕ(a) (by (3.1)), (a, bs)  dist(a,B) + 13ϕ(a) (thanks to (3.4)), (bs, g(x)) =
(bs, gs,t (x)) 13ϕ(a) and hence

(
f (x), g(x)
)
 
(
f (x), a
)+ (a, bs)+ (bs, g(x))
 1
3
ϕ(a)+ dist(a,B)+ 13ϕ(a)+
1
3
ϕ(a)
= dist(a,B)+ ϕ(a).
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case g(x) = gs,t (x) ∈ B¯(bκs(t), 13ψ(bκs(t))), i.e. (b,g(x))  13ψ(b). Moreover, we have: (f (x), a)  13ϕ(a) (by
(3.1)), (a, aκs(t)) 13ϕ(a) (since a = as = au(κs(t)) and thanks to (3.6)) and (aκs(t), b) dist(b,A) + 13ψ(b) (by
(3.5)). Finally we obtain:

(
f (x), g(x)
)
 
(
f (x), a
)+ (a, aκs(t))+ (aκs(t), b)+ (b,g(x))
 1
3
ϕ(a)+ 1
3
ϕ(a)+ dist(b,A)+ 13ψ(b)+
1
3
ψ(b)
 dist(b,A)+ ϕ(a)+ψ(b). 
4. The main results
Theorem 4.1. Let X be a space of type (S) and let (D,) be a metric space with nonempty subsets A and B which
are continuous images of the space X. For any continuous surjection f :X → A and for any ε > 0, there exists a
continuous surjection g :X → B such that
sup(f, g) H (A,B)+ ε. (4.1)
Proof. It suffices to apply Lemma 3.1 with ϕ ≡ ε2 and ψ ≡ ε2 . The continuous mapping g obtained by the lemma
satisfies (4.1). 
Corollary 4.2. Let X be a space of type (S) and let (D,) be a metric space. Also let (An)n1 be a sequence of
subsets of D which H -converges to a subset A of D. Suppose A and each An (n 1) are continuous images of X.
Then for any continuous surjection f :X → A, there exists a sequence (fn)n1 ⊂ C(X,D) such that fn(X) = An for
each n 1 and sup(fn, f ) → 0 (n → ∞).
Theorem 4.3. Let X be a space of type (S) and let (D,) be a metric space. Also let A and B be subsets of D
which are continuous images of X and such that supb∈B dist(b,A) < H (A,B) and dist(a,B) < H (A,B) for
each a ∈ A. Then for any continuous surjection f :X → A, there exists a continuous surjection g :X → B such that
sup(f, g) = H (A,B). (4.2)
Proof. We may assume that H (A,B) < +∞. Let ϕ0(a) = H (A,B) − dist(a,B) > 0 (a ∈ A) and c :=
1
2 [H (A,B)− supb∈B dist(b,A)] > 0. Now apply Lemma 3.1 to ϕ := min(ϕ0, c) and ψ ≡ c. Noticing ϕ(a) ϕ0(a)
and ϕ(a) + ψ(b)  2c, we see the inequality (f (x), g(x))  H (A,B). The conclusion now follows immedi-
ately. 
Remark 4.4. It is nothing strange to expect that, for compact A and B , there should exist suitable continuous surjec-
tions for which the equality (4.2) holds. However, for compact A and B the hypothesis of Theorem 4.3 never holds
and we are forced to use other technique to solve the problem. This will be done in Section 5.
Example 4.5. (1) As we mentioned in Section 2, the strong zero-dimensionality is not sufficient for solving the
approximation problem studied in 4.1. To see this, let X = Z be a metric space with the discrete topology and let
A = Z and B = Q be subsets of the real line with the standard metric d . The space X is strongly zero-dimensional
but is not of type (S). It is easy to check that dH (A,B) = 12 but for f :X  x → x ∈ A and any surjection g :X → B
there exists an infinite sequence (kn)n of elements of X such that |f (kn)| → +∞ and g(kn) → 0, and therefore
d(f,g) = +∞.
(2) If A and B are continuous images of a space X of type (S) such that clA = clB , then—by Theorem 4.1—for
any surjection f :X → A and any ε > 0 there exists a continuous surjection g :X → B such that sup(f, g) < ε. This
means that the function f can be uniformly approximated by functions with the image equal to B .
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sets. As this example shows, it cannot be done for more sets. Let M > 0 and A := {x1, y1, x2, y2, x3, y3} be a six-point
space with the metric d defined as follows
d(x, y) :=
{0 if x = y,
2M if {x, y} = {x1, y2}, {y1, x2}, {x1, x3}, {y1, y3}, {x2, y3}, {y2, x3},
M in the odd cases.
Since d(x, y) ∈ [M,2M] for x 
= y, this is a metric. Let Aj := {xj , yj } for j = 1,2,3. It is easy to compute that
dH (A1,A2) = dH (A1,A3) = dH (A2,A3) = M . But for any functions gj :X → Aj (j = 1,2,3) (not necessarily con-
tinuous functions!) defined on an arbitrary nonempty set X, one of the numbers dsup(g1, g2), dsup(g1, g3), dsup(g2, g3)
is equal to 2M .
(4) In Section 5, we prove that for any two compact subsets of a metric space, there always exist continuous
surjections defined on C for which the equality (4.2) holds. Here we give an example illustrating that the compactness
assumption of A and B cannot be dropped. Let A := {1,2,3, . . .}, B := {−1,0} and D := A ∪ B . Consider a metric
d defined by the formulas: d(n,0) = 1 for n 
= 0, d(n,−1) = 1 + 1
n
for n ∈ A and d(n,m) = 1 for different n,m ∈ A.
As in the previous example, d is a metric because d(x, y) ∈ [1,2] for x 
= y. One easily shows that dH (A,B) = 1, but
dsup(f, g) > 1 for any surjections f :X → A and g :X → B . Indeed, if a ∈ X is such a point that g(a) = −1, then
dsup(f, g) d(f (a), g(a)) > 1.
(5) The reason for the asymmetry of the hypothesis of Theorem 4.3 on A and B is illustrated in the following
example. Let D := ({ 1
n
}∞n=1 ∪ {0})× [0,1) be a space with the complete metric
d
(
(a, s), (b, t)
) := |b − a| + | t1−t − s1−s |
1 + | t1−t − s1−s |
and A := D, B := D ∩ (R × {0}). Then A is closed, B is compact, dH (A,B) = 1, distd((a, s),B) = s < dH (A,B)
for (a, s) ∈ A and sup(b,t)∈B distd((b, t),A) = 0 < dH (A,B). Consider X := (R \ Q) ∪ {0} with the standard metric.
Then X is a space of type (S) for A and B . Define g :X → B by the formula
g(x) :=
⎧⎨
⎩
(0,0) if x  0,
(1,0) if x > 1,
( 1
n
,0) if 1
n
< x < 1
n−1 for some n 2.
The mapping g is a continuous surjection with the property: if (xn)∞n=1 ⊂ X and g(xn) → (0,0) but g(xn) 
=
(0,0) (n  1), then xn → 0. This implies that, every continuous mapping f :X → A satisfying d(f,g) = 1 is not
a surjection. Indeed, tn := 1 − 1(n+1)2 satisfies d((b,0), ( 1n , tn)) > 1 for any (b,0) ∈ B with b 
= 1n . For a continuous
surjection f :X → A, there exists a sequence (xn) ⊂ X for which f (xn) = ( 1n , tn). If dsup(f, g)  1, it has to be
g(xn) = ( 1n ,0). By the property of g above, we have xn → 0 and so f (xn) → f (0). But the sequence (( 1n , tn))∞n=1 has
no limit in D.
5. Reaching the distance in the compact case
In this section we prove that for any (nonempty) compact subsets A,B of a metric space (D,d) there exist contin-
uous surjections f :C → A and g :C → B such that dH (A,B) = dsup(f, g).
Lemma 5.1. Let M be any set of cardinality equal to 2ℵ0 and K,L two nonempty compact subsets of a metric space
(D,d). If f :M → K is such a function that the set f−1({a}) has cardinality 2ℵ0 for each a ∈ K , then there exists a
surjection g :M → L satisfying dsup(f, g) = dH (K,L).
Proof. Since K is compact, for any b ∈ L there exists ab ∈ K such that d(b, ab) = distd(b,K) ( dH (K,L)). Let
K0 := {ab: b ∈ L} and M0 := f−1(K0). Since cardf−1({ab}) = 2ℵ0  cardL for each b ∈ L, there is a surjection
g0 :M0 → L such that ag0(t) = f (t) for any t ∈ M0. Thus d(g0(t), f (t))  dH (K,L) (for any t ∈ M0). If M0 =
M , taking g := g0 completes the proof. Assume that M0 
= M and put M1 := M \ M0. Since L is compact, the
same reasoning as above can be used to define a function g1 :M1 → L such that d(f (t), g1(t)) = distd(f (t),L) 
dH (K,L) for any t ∈ M1. Now it suffices to define g := g0 unionsq g1. 
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Theorem 5.2. If (D,d) is a metric space and Kn ⊂ D (n 0) are nonempty compact sets, then there exist continuous
surjections fn :C → Kn (n 0) such that dH (Kn,K0) = dsup(fn, f0) for all n 1.
Proof. Fix a discrete space M of cardinality 2ℵ0 and take a function f˜0 :M → K0 such that card f˜−10 ({a}) = 2ℵ0
for any a ∈ K0. By Lemma 5.1, for each n  1 there exists a surjection f˜n :M → Kn satisfying dH (Kn,K0) =
dsup(f˜n, f˜0). Notice that f˜n is continuous since M is discrete. Let X be the Stone– ˇCech compactification of M and
fˆn :X → Kn be the continuous extension of f˜n (n  0). Obviously dsup(fˆn, fˆ0) = dsup(f˜n, f˜0) (n  1). For any
n  0, fix a topological embedding hn :Kn → [0,1]ℵ0 (n  0). Let gn := hn ◦ fˆn = (gkn)∞k=0, where gkn :X → [0,1]
for n, k  0. Let A⊂ C(X,C) be the unital C∗-algebra generated by the family {gkn}n,k0. By the theorem of Gelfand
and Naimark [5], there exists a compact Hausdorff space L 
= ∅ such that A is isometrically ∗-isomorphic to C(L,C).
Since A is separable, so is C(L,C) and therefore L is metrizable. By the characterization of multiplicative linear
∗-homomorphisms between algebras of all continuous (complex valued) mappings defined on compact Hausdorff
spaces (see e.g. [7, Theorem II.7.7.1]), we conclude that there exists a continuous mapping ψ :X → L for which
A = {u ◦ ψ | u ∈ C(L,C)}. Such an identification is one-to-one, so ψ is surjective. Further, for each n, k  0
there exists rkn ∈ C(L,C) such that gkn = rkn ◦ ψ . Hence the surjectivity of ψ implies that rkn(L) ⊂ [0,1] (n, k  0).
Let rn = (r0n, r1n, r2n, . . .) :L → [0,1]ℵ0 (n  0). From the equality rn ◦ ψ = gn (and the surjectivity of ψ ) it fol-
lows that rn(L) = gn(X) = hn(Kn) (n  0). Now let sn := h−1n ◦ rn for n  0. Then sn ◦ ψ = fˆn and hence
dsup(sn, s0) = dsup(fˆn, fˆ0) (n  1). Finally, since L is nonempty, compact and metrizable, there exists a continuous
surjection κ :C → L. Putting fn := rn ◦ κ (n 0) we finish the proof. 
Corollary 5.3. Let (Kn)n1 be a sequence of nonempty compact subsets of C which converges to a compact subset
K with respect to dH . Then there exist elements fn and f of C(C,C) such that fn(C) = Kn, f (C) = K and ‖fn −
f ‖∞ = dH (Kn,K) for all n 1.
For a compact Hausdorff space X, the spectrum σ(a) of an element a of the unital Banach algebra C(X,C)
coincides with the set a(X). Thus the above corollary answers the question posed in Section 1. Analogous result
remains true for compact subsets of CN and the joint spectra (see [1, Section 19]) of commuting elements of a
Banach algebra. For a sequence (Kn)n1 of nonempty compact subsets of CN which converges to a compact subset
K with respect to dH there exist elements f 1n , . . . , f Nn and f 1, . . . , f N of C(C,C) such that σ(f 1n , . . . , f Nn ) = Kn,
σ(f 1, . . . , f N) = K and ‖f jn − f j‖∞ → 0 for j = 1, . . . ,N . To see this, apply Theorem 5.2 and make use of the
equality σ(g1, . . . , gN) = (g1, . . . , gN)(X) for a compact Hausdorff space X and g1, . . . , gN ∈ C(X,C).
The proof of Theorem 5.2 suggests that the following might hold: for any compact subset K of a compact metric
space D, there exists a continuous surjection f :C → K such that, for any nonempty compact subset L of D, one can
find a continuous surjection g :C → L so that the equality (4.2) holds. This conjecture leads us to the following
Definition 5.4. Let K be a nonempty compact metric space and f :C → K a continuous surjection. The mapping f
is said to be universal (for the problem of approximation of the Hausdorff distance) if for any isometric embedding
ϕ :K → D into a metric space (D,d) and its nonempty compact subset L ⊂ D there exists a continuous surjection
g :C → L such that dH (ϕ(K),L) = dsup(ϕ ◦ f,g).
As we will see soon, there is no universal mapping for any uncountable compact space. But first a positive result.
Proposition 5.5. If K is nonempty and finite, then every continuous surjection f from C onto K is universal.
Proof. Let ϕ :K → D be an isometry and L ⊂ D a nonempty compact subset of a metric space (D,d). Let
N := cardK and K = {x1, . . . , xN }. Put Uj := f−1({xj }) for j = 1, . . . ,N . The family {Uj }Nj=1 is a disjoint proper
open-closed cover of C. Let Bj := {b ∈ L | d(ϕ(xj ), b)  dH (ϕ(K),L)} (j = 1, . . . ,N). Then L = B1 ∪ · · · ∪ BN .
Moreover, each Bj is nonempty and closed and therefore there exists continuous surjection gj :Uj → Bj . Now the
mapping g := g1 unionsq · · · unionsq gN satisfies g(C) = L and dH (ϕ(K),L) = dsup(ϕ ◦ f,g). 
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such that intf−1({a}) = ∅, then f is not universal.
Proof. Suppose that f is universal. Take any different points u,v such that u,v /∈ K and put D := K ∪ {u,v}. Let
M := diamK . Since intf−1({a}) = ∅, cardK  2 and therefore M > 0. We extend the metric d on the whole set
D (and denote it by the same letter) by formulas: d(x,u) = M2 , d(x, v) = M2 + d(a, x) (x ∈ K) and d(u, v) = M .
There is no difficulty with checking that this extension is indeed a metric. Now take L := {u,v}. Then dH (K,L) = M2 .
Since f is universal, there exists g ∈ C(C,L) with g(C) = L and such that dsup(f, g) = M2 . This implies that g(t) = u
provided f (t) 
= a, so g|C\f−1({a}) ≡ u. But C \ f−1({a}) is dense in C, thus g ≡ u and it is not a surjection. 
Corollary 5.7. If K is an uncountable compact metric space, it has no universal mappings.
Proof. If f is a mapping from C onto K , the family {intf−1({a})}a∈K is open and disjoint. Since any such a proper
family is countable, it has to be a ∈ K with intf−1({a}) = ∅. Now the conclusion follows from Proposition 5.6. 
We end the section with the remark that we do not know if (infinite) countable compact metric spaces have universal
mappings.
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